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ON ONE CLASS OF INVERSE PROBLEMS
OF VARIATION IN SHAPE OF VISCOELASTIC PLATES

1. A. Banshchikova! and I. Yu. Tsvelodub? UDC 539.37

We study a class of inverse problems (IP) of finding kinematical external actions producing the required
residual deflections of a physically nonlinear viscoelastic plate over a given time (in a geometrically linear
formulation). The correctness of the IP is shown, and the iterative method used in solving the problems is
substantiated. The upper bound of residual stresses occurring in the plate after removal of external loads is
estimated. Some numerical examples are given.

1. Formulation of the Inverse Problem. We consider a viscoelastic plate of constant thickness h
whose median plane Ozz3 occupies region S bounded by a contour 7, the z axis being perpendicular to this
plane. We assume that at any time ¢ the deflection w = w(z;,z2,t) is negligible as compared with A, and,
hence, for total strains we have [1]

Ekl = —2W kL, (1.1)

which corresponds to the state of pure bending. In (1.1) and below, k,! = 1, 2; the subscript after the comma
denotes the derivative with respect to the corresponding coordinate.
The equations of equilibrium are written as [1}

h/2 h/2
Qr=Mu1, Qrr=-q, Qr= / o3kdz, My = / ozdz. (1.2)
—h/2 —h/2

Here Qi and My, are the cutting forces and moments, q is the intensity of external load, and oy are the stress
components. Summation from 1 to 2 is performed over repeat subscripts.
From (1.1) and (1.2) follows the equation of virtual works {1}

[ouenav = [ quds + [(@ +0H/3syw ~ Gow/on)ds, (1.3)
v S Y

where @ = Qing, H = Mynit;, G = Mynin;, np and ) are the components of unit normal and tangent
vectors to the contour 4, s is the arc length of the contour, and

R/2
/---dV: / ]---dez.
12 —k/2 S

It should be noted that the fields ex; and oy in (1.3) can be unrelated.
The governing relations for the strain of the plate material are written as

Ekl = QkimnOmn + Efy- (1.4)
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Here apjmn and €f; are the components of the elastic compliances and viscous strain (creep strains). We

assume that the creep-strain rates gy, = £5; depend only on stresses and satisfy the following condition, which
generalizes the stability postulate [2]:

AnpiAokr 2 Aapimn ATk ACmn, A =const, A>0, Aoy=0c
Thus, if

P - "ﬁ), Angr = (o) = mu(e@). (1.5)

ne =T9T/00y, T=T(L), T =(tkmnoromn)’?, (1.6)

one can say that (1.5) is satisfied with the proviso that I' > T'/T > A, which, in turn, is ensured if I'(0) = 0,
I'(0) = A > 0, and T"(X) > 0. The latter conditions are satisfied, for example, by the following functions
used in creep theory [2]: T = Blexp (A\£/B) — 1], T = Bsinh (A\Z/B), and T' = BX/(B/X — ) (B = const).

The IP considered below involves searching for the kinematical actions producing the required residual
shape of the plate over the given time t,, i.e., one should select a deformation path w = w(z1,z2,t) such
that at time t = ¢, the deflection w takes the given value w.(z1,z2) under zero external load q. It is obvious
that the above-mentioned path is not unique. Therefore, we distinguish a class of actions such that the
deflection w varies in time according to the given law but with an unknown value w, for t = t,, after which
the corresponding load ¢, = g(z1,72,%,) is instantaneously removed, so that after elastic unbending the
residual deflection is W(z1, 22, ts) = W«(z1, 22).

Thus, we consider the following IP class: it is required to determine a function w, = w,(z1,z2) such
that at the current deflection w(zy,z2,t) = f(t)we(z1,z2) (0 <t < £4) [f(t) is the given function, f(0) =0
and f(t.) = 1)] at t = t,, after instantaneous removal of the external load g, = gq(z1,z2,t.) and elastic
unloading, the residual deflection w(z), z2,1,) takes the given value w.(zy, z2).

In this case it is assumed that for ¢ < 0 the plate is in an undeformed state and, hence, £§; = 0 for
t = 0 everywhere in the plate.

We give several remarks on the process of instantaneous unloading at ¢ = ¢, and formulate the necessary
boundary conditions for 7. The deflection w, is representable in the form w, = w¢ + 0., where 1w, is the given
residual deflection and wf is a value of elastic unbending that is a solution of the pure elastic problem for the
external load q. = ¢(r1, z2,t.) subject to appropriate boundary conditions. In this case, for stresses at ¢t = ¢,

we have (1, 2]
Okls = aleclt + Pkixs (17)

where py;, are the residual stresses occurring after elastic unloading and o§;, are the elastic-stress components

that correspond to the deflection w¢, i.e.,

alc:f: = bklmnesnn* = —zbklmﬂwi,mn‘ (18)
Here bgimn are the components of the elastic-modulus tensor, which is inverse to agjmn, so that
Akimnbitij = 8imbjn (1.9)

(8im are the components of the unit tensor).

Given the external load g.(z1,z2), the equation for w¢, in view of (1.2) and (1.8), is of the form
betmn WS gimn = 120734,

In turn, the quantity g, is related to the moments My, , which correspond to the stresses oy, by the

relation resulting from (1.2): ¢« = — My k1. From the last two equalities we obtain
Bktmn WS kimn = —12h7° Mita k. (1.10)
As the boundary conditions on + for unloading at t = t,, one can use one of the following relations {1, 2]:
wl = Bul/n = 0; (111a)
we =G, =0; (1.11b)
Gi= Q. +0H./0s = 0; (1.11c)
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Owe/On = Q. +0H,[ds =0 (1.11d)

(the tilde denotes the quantities characterizing the force effect after unloading). Conditions (1.11a)-(1.11c)
imply, respectively, that in unloading the contour 7 is clamped, free-supported, and free of loads.

One can easily see that, given the function w,(z, z3), the components ok, (21, T2, 2) = or(z1, 22, 2, ts)
are determined uniquely from the system [which follows from (1.1) and (1.4)]

aklmné'mn + nkl(o'mn) = _Z.fwt,kl (1'12)

subject to the initial conditions o(z1, 22, 2,0) = 0, since from (1.1) and (1.4) for t = 0 we have axjnnOmn = 0,
because €§; = 0 and w = 0.

Thus, the right-hand side of Eq. (1.10) is defined by the function w, = wq(z1,2), and hence, the
solution of the boundary-value problem (1.10) and (1.11) depends on w.. Some properties of the operator
wé = wi(w.) are established below.

If we denote the right-hand side of (1.10) by ¥(w.), taking into account the equality w{ = w, — .,
for the unknown function w, = w.(z1,z2), from (1.10) we obtain the equation brimpws kimn — ¥(ws) =
bkimnWs klmn; in the general case of nonlinear dependences 7 = 7ki(0mn), the operator ¥ = ¥(w,) cannot
be written in explicit form. Nevertheless, under certain simple constraints on the function f = f(t), the IP
considered can be reduced to a sequence of direct problems of the type of (1.10) with the known right-hand
side and boundary conditions (1.11), whose solutions reduce to the solution of the IP.

2. Correctness of the Inverse Problem. Let us determine the conditions of existence of a single
generalized solution of the formulated IP.

We introduce the notation

1 1/2 1 1/2
Liow) = ( / §akxmn0k10mndv) » Da(ew) = ( / §bklmn5k15mndv)
v v
Let the deflection field w = w(z1,z2) be given. Denote by &f; elastic stresses that correspond to these
deflections, i.e., 0§ = bkimn€inn = —2ZbkimnW,mn- Let

R 1/2
ol = (%) = (et = ([ (+*/24)bimmwprmndS)
S

As is known from [3], if at three points (that do not lie on the same straight line) on a plate the
deflection w = 0 [for example, w = 0 on the contour 7, as is the case with boundary conditions of the form of
(1.1a) or (1.12b)], then the quantity |jw| is a norm which is equivalent to ||wl| y2(5), the space H?(S) being
full with respect to the introduced norm. The latter is generated by the scalar product

(wi,w2) = [ (R /2)buimn i w2, dS.
S
In the general case, the quantity |lw|| is a seminorm, and from the equality [Jw|| = 0 it follows that w is a
linear function of r; and z5.

Let the kinematical actions be given by w(f) = f(t)wg) (z =1, 2), where f(t) (0 <t < t)isa
known function; at the moment of unloading at ¢t = t,, one of the boundary conditions (1.11) is satisfied
simultaneously for both actions. In this case, it is assumed that the deflections w) = wg)(z],zg) and the
associated stresses o-,(:,),‘ determined by (1.12), and, hence, the moments M ,(:;1 exhibit the required smoothness,
so-that conditions (1.11) make sense.

As before, the differences of the corresponding quantities are denoted by the symbol A. We estimate
|Aw?|| in terms of ||Aw,||. Since I1(Acf,,) = ||Awt|, from (1.7) and the equality {1, 2]

/akzmnAUfnmAsz*dV =0,
i
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which results from (1.3) and (1.11), we obtain
If(Aau,) = [|Awl]® + IF(Apw) 2 | Awg?. (2.1)
At any moment ¢ (0 <t < t.), in view of (1.4) and (1.9), we have

) ) 1 )
5 / (akimn ATmn Aok + AnyAog)dV = 5 / AépAoydV = 3 / Akimn AT mn(brrij Aéi;)dV
v % V

< hi(Aok) [ (bkimnAémn) = I1(Aok) I2(Aéw), (2.2)

where the known inequality
1
-2‘/akzmn$k1ymndV < Ii(zw) h(yr)
12

for zp; = Aoy and Y1 = biimn Aémn Was used.
Taking into account inequality (1.5) and the equality

1 . .
E/lemnAo'mnAakldV=Il(Aakl)Il(Aakl)a L(Aéw) = [|Av] = |f] |Aw.],
g

from (2.2) we find

(Aow) + Mi(Aow) < |fllAw.||  or %[Il(Aamexp(At)l < [ Aw. || f] exp (At)-

Integrating this inequality with respect to time from zero to ¢, and taking into account that Aoy =0
for t = 0 everywhere in the plate {since Aw = 0 at ¢t = 0, because f(0) = 0], we obtain

tx
h(Aow) < AlAwl, 8= exp(-M.) [ |flexp (M)t (23)
0
From (2.1) and (2.3) follows the required estimate

[Awi]] < BllAw.l. (24)

Since ||Aw.|| = ||AwE + Aw.|| < [|Awe]| + ||Ad.]], it follows from (2.4) that (1 — 8)||Aw.]} < ||Aw, ||, which,
for B < 1, guarantees uniqueness of the solution of the problem considered and continuity of the operator
Wi = Wa(Wy)-

It should be noted that the inequality B < 1 takes place for any function f = f(t) that increases
monotonically from zero to unity. Indeed, in this case, |f| = f, and from (2.3) we find

tu
B=1- /\exp(—/\t*)/fexp(/\t)dt <1,
0

whence, in particular, it follows that the minimum value of B corresponds to the relaxation regime of
deformation in which f(0) = 0, f >0 (0 < ¢t < tg),and f =1 ({p < t < t.) as to — 0. One can
easily see that Bpin = exp (—Ats), i.e., in this case

tx

[1ftexp (At)dt =
0

For any other regime,

/lerXP At)d /lfldt /fdt_l
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To prove the existence of a generalized solution, we note that this problem reduces to solution of the
following functional equation in the region S:

wy = F(w.), F(w,) = wi(w) + .. (2.5)

Here . = w.(z1,z2) is a prescribed function and the operator w¢ = w§(w.) was defined in Sec. 1.

Let us first consider the case in which the boundary conditions are of the form (1.11a). Then one can
show that if w!) € H2(S) (i = 1, 2) the estimate (2.4) holds.

Let w. € H%(S), i.e., ||h.|| < co. Then the operator F from (2.5) transforms each element w, € H?(S)
into an element of the same space, since

IF(wall = llws + dull < [lwill + fle]| < Bllwa|l + [lds]] < o0

[here we used inequality (2.4) for wi = wé, wi@ = 0, wit) = w,, and w? = 0]. Moreover, for 8 < 1 the

operator is a contraction operator, since
1P (i) = Pl = fwgwi?) - wi@?)] < Bl - wf?)

in view of (2.4). From the principle of contractive mappings [4], it follows that there is a unique solution
w, € H?(S) of Eq. (2.5), and it can be obtained as the limit of the sequence {w?}, where w?*! = F(w?),
i.e., according to (2.5),

Wit = i)+, (n=0,1,2,..), (2.6)

and w? is an arbitrary element from H2(S).

As to the other boundary conditions, we note that in order that (1.11b) or (1.11c) and (1.11d) make
sense, it is sufficient to assume that @, € H3(S) [accordingly, @, € H*(S)]. Then, with certain smoothness
of the function g = Ngi(omn) from (1.12), the operator F from (2.5) will transform any element w, € H3(S)
[or w, € H*(S)] into an element of the same space, since one can show that w¢ € H3(S) [or w¢ € H4(S)).
Therefore, in both cases, all elements of sequence (2.6) belong to the corresponding space [(H3(S) or H*(S)]
if w? belongs to this space. Since the operator F is a contraction operator in the space H?(S), the limit of
sequence (2.6) for n — oo will belong, at least, to this space, i.e., w, € H(S) D H3(S) D H*(S). As one
can easily see, in the case of boundary conditions (1.11¢) and (1.11d), the deflection w, is determined with
accuracy to an arbitrary linear function of z; and z9 and to an arbitrary constant, respectively.

As was mentioned in Sec. 1, given the function w} = w}(z,z2), the deflection wi® = w{(w}) is a
solution of boundary-value problem (1.10) and (1.11). Therefore, in each iteration, the IP reduces to the direct
problem for w¢. The rate of convergence of successive approximations to the exact solution is determined by
the known inequality [4]

lw? — wall < Blw; —will/(1-B8)  (0<B<1).

It should be noted that the uniqueness of solution of the IP can be proved under weaker conditions than
those used above, in particular, in place of (1.5), it is sufficient to postulate the validity of the inequality (2]

t
Ii(t) = / / AnuAoydVdt > 0,
17

where the equality sign is possible only for Aoy(r) =0 (0 < 7 < t) everywhere in V.
Indeed, integrating inequality (2.2) with respect to time from zero to the current time ¢, we obtain

R(Bau®) + I5(t) <2 [ L(Aow(t)|Ai()]dt = 20(). (27)
0

Since I3(t) 2 0 and I,(Aoy) = &/||Aw|, from (2.7) we have ()% < 20||Aw||2 or $0~1/2 < 2||Aw]].
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Integrating the latter inequality with respect to time and taking into account that ®(0) = 0, we find that

t
201/2 < V2 [ Al
0

and, hence,

26 < ( j ||Au’;[|dt)2 _ ||Aw,,||2( j | f|dt)2. (2.8)
0 0

Since Aw, = 0, we have ||Aw.| = ||Aw¢||, and taking into account (2.1), from (2.7) and (2.8) we
obtain

te
IF(Bpun) + B(t) < (8 - DIAwZI?, fo = [1f1dt,
0

which, for f > 0 and Bo = 1, is possible only if Aog(r) =0 (0 < 7 < t,), whence, in turn, follows uniqueness
of the solution of this problem in the above-mentioned sense.

3. Estimate of the Level of Residual Stresses for ¢ = t,. Inequalities of the type of (2.3) and
(2.4) yield an upper bound for the level of residual stresses arising in the plate at t = ¢, after elastic unloading.
As a measure that characterizes this level, we choose I, = I?(pg.).

It should be noted that the formulas obtained in Sec. 2 for the differences between the corresponding
quantities are also valid for the quantities themselves, i.e., the sign A can be omitted. This follows from
the fact that as the first, one can take the main stress-strain state, and as the second, the natural state
corresponding to zero deflections, deformations, and stresses everywhere in the plate.

Bearing in mind this remark, from (2.1) and (2.3) we obtain

L < BPlw|® = Jwil? (8 <1). (3-1)
Since, according to (2.4),

lwlll < Bllwall = Bllws + wul < B | + .11
i, [wel) < B(L - B)~ [l |, and

flwoall® < Nl l® + 2l ldall + 18] < Jeofll? + (2801 — B) 7 + 1l |,
from (3.1) we find

L < (8% = Dllwil® + (1 + B)(1 = B) 7 1. |I* < B2(1 + B)(1 = B) ™l |™

Hence, it is evident that the minimum estimate for I, is obtained for minimum J. As was noted above,
Bmin = exp (—At,), which corresponds to the relaxation regime of deformation.

4. Numerical Examples. We consider a square plate of thickness A = 6 whose middle plane occupies
area S: 0 < z; < 300 (¢ = 1, 2) (hereafter all dimensions are given in millimeters). The residual deflection for
t = t, is given by w, = —9- 107*[z1(z1 — 300) + z2(z2 — 300)].

The plate material is considered isotropic, and the governing strain relations for the plate are of the
form of (1.4), where the elastic strains €f; and the viscous-strain rates 7 are given by

€5 = (3/2)0Y/E (E is Young’s modulus); (4.1)
et = (3/2)Alexp (aoi) — 1oy /o (A and o are constants). (4.2)
In formulas (4.1) and (4.2), 00} = o — (1/3)0nndk; are the stress-deviator components and o; =

(03, + 03, — o11022 + 30%2)1/2 is the stress intensity.

One can easily see that relations (4.2) are a particular case of relations (1.6) which contain the function
I' = Blexp(AX/B) — 1] mentioned in Sec. 1. Here £ = ¢;/VE, B = AVE, and A = aAE. In this case,
inequality (1.5) is valid.
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As the function f = f(t) occurring in the condition of the problem we use

f(t)=C[(1 —t/ts) = (1 = t/t.)=] + t/ts, (4.3)
where C 2 0 and & > 0 are constants.

As was mentioned above, for the constant 8 from (2.3) the inequality 8 < 1 (which guarantees the
correctness of the problem) is satisfied for f 2 0. In the case considered, in order that the condition f =
[1—C + Ca(1 — t/t.)=1]/t. > 0 be satisfied, it is sufficient that

(a) 1-C20,C>20,and 2>0,1.e.,0<C<1and 2> 0,
or

(d) f(0)>0and f = —Ca(ae—1)(1 —t/t.)="2/t2>0,ie,C>0and 1 —1/C <2< 1.

If 2> 1 and C > 0, then |f] < [|1 = C| + Ca(1 — t/t,)="]/t., and, hence, integrating by parts, we
obtain

ta ta
/ |flexp (Mt)dt < |1 — Cllexp (M) — 1]/ (M) + C + CA /(1 — /)% exp (M)dt
0 0

ta
< |1 = Cllexp (Aty) — 1]/(Ats) + C + C/\/(l —t/te)exp (At)dt = (J1 — C| + C)lexp (Ats) — 1}/(Ats).
0

Consequently, in this case, the condition 8 < 1 is satisfied if

(c) (11 =Cl+ O)1 —exp(—=Mts)]/(Ats) < 1.

The numerical solution of this problem is based on iterative process (2.6). Let the nth approximation
for the unknown function w} be known. The procedure of finding the (n + 1)th approximation for w?*! is as
follows. From (1.1), (1.4), (4.1), and (4.2) we find a system of equations of the form of (1.12),

(3/2)57 | E + (3/2) Alexp (ao]) — 1okl 0T = —zful, (4.4)

subject to the initial conditions of; = 0 for ¢ = 0. Integrating the system, we determine the stress components
o%y, of the nth approximation prior to unloading for ¢t = ¢, and the corresponding moments M}, .
Then, to find the elastic deflection w{", we obtain an equation of the form of (1.10),

DAAwW™ = — My, 1, (4.5)

which in this case is biharmonic [2, 5] and is subject to one of the boundary conditions (1.11) (D = EAR®/9 is
the cylindrical stiffness of the plate).
From the known function w¢®, according to (2.6), we find the (n + 1)th approximation for w?*! =

w§™ + w,. The procedure is then repeated. As a zeroth approximation for the desired function w, we use

w? = 1,.

The following values of the constants were used in the calculations: E = 66,700 MPa, A =
2.008 - 1072 sec™!, o = 0.13 MPa~!, and ¢, = 10 h. It was assumed that at the moment of unloading
(t = t.) the contour 7 is absolutely free, and this corresponds to boundary condition (1.11c). In each iteration
problem (4.5) and (1.11c) was solved by the finite-element method. For this, a triangular element with a
cubic dependence of the form function on the uniform L coordinates of the triangle was used [6]. In view of
symmetry, only a quarter of the plate was considered (0 < z; < 150, ¢ = 1, 2). The quarter was divided into
18 triangles (16 nodes). In calculating the moments My,, we used the Simpson formula with 13 integration
nodes along the plate thickness. System (4.4) was solved at each separation node in each iteration (in the
plane Oz, and along the z coordinate) using the Runge-Kutta-Merson method with automatic selection of
time steps. Iteration process (2.6) was terminated when the condition max 11— @(z1, z2) /. (21, 22)] < 1073
was satisfied. ,

Calculations were performed for various values of the parameters C and & from (4.3). A proper choice
of the parameters allows one to describe different deformation regimes, for example:

(1) a monotonic increase in deflection from 0 to w, with time (f > 0, and the appropriate restrictions
on C and & were given above);
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w 1 1.0j

Fig. 1

(2) deformation close to relaxation [1, 2, 5], i.e., an almost instantaneous growth in deflection to w,
with subsequent fixation up to time ¢t = ¢, (C =1 and &> 1);

(3) a monotonic increase in deflection to a value greater than w, with a subsequent monotonic decrease
tow, (C >1 and &> 1).

Figures 1 and 2 show the graphs for the given residual deflection @, (dashed curves) and the desired
deflection w, (solid curves) in the cross sections =2 = 150 and 0 for C = 1.0, 0.8, 1.3, 1.0, 1.0, and 1.3, & = 1,
2, 2,5, 30, and 30 (Fig. 1, curves 1-6), and C = 1.0, 0.8, 1.3, 1.0, and 1.3, & = 1, 2, 30, and 30 (Fig. 2.
curves 1-5). All these values satisfy the above-mentioned restrictions (a), (b), or (c), which are sufficient for
satisfaction of the inequality 8 < 1, which guarantees the correctness of the problem considered.

Among the functions of the form of (4.3) determined by the parameters C and a, it is of interest to
find a function for which the level of residual stresses in the plate is minimum after unloading at t = t,. The
components pgi, are found from (1.7): pg, = opi, — of,,. Here of;, are related to the deflection w? by the
relations of the form (1.8): ¢§;, = —(2/3)Ez(w§,k, + W pu6k1). As a quantity that characterizes the level of
residual stresses, we choose their intensity p;, = (p%h + pgg* — P11+p22+ + 3p%2*)1/2.

For the deformation regimes corresponding to curves 1-6 in Fig. 1, we obtained the following values:
pirmax = 1.09, 0.93, 0.88, 0.77, 0.67, and 0.69 MPa. Hence one can see that min p;xmax = 0.67 MPa corresponds
to C =1 and & = 30. A comparative analysis of the results shows that for C = 1 and & > 30 the stress-strain
state of the plate (including the diagrams of residual stresses) almost coincides with that for the relaxation
regime of deformation. Thus, the latter regime is optimal in terms of the level of residual stresses after
unloading. This is in qualitative agreement with the estimate obtained in Sec. 3.
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